A variational principle for the magnetoelastic stability problem of superconductors is constructed. Independently, a pair of integral equations is derived, from which the initial and the perturbed field can be computed. The integral equations are solved for in-plane buckling of a slender pair of concentric tori, and out-of-plane buckling of a slender pair of equal coaxial tori. By using the variational principle, it is shown that both cases can become unstable when the currents on the two tori are equally directed, and the pertinent buckling values are calculated. The thus obtained buckling values are compared with the results of an alternative, mathematically less rigorous, method. A good correspondence between the two methods is found (at least as long as the two tori are not too near).
Introduction
In two recent papers, [1, 2] , by Van Lieshout, Rongen and Van de Ven, the problem of magnetoelastic buckling was studied on the basis of a variational approach. In [1] a variational principle, yielding explicit relations for magnetoelastic buckling values, was formulated and in [2] applications to systems of ferromagnetic or superconducting beams were presented. As one of the results of [2] , it was proved that a configuration of two equal parallel superconducting rods could become unstable, and the pertinent buckling value for the current was calculated. The mechanical stability of superconducting structures has been subject of an increasing amount of research; an excellent survey of this field is given by F. Moon in his monograph [3] . As one of the many subjects in [3] , the stability of toroidal superconductors in a transverse or a toroidal magnetic field was discussed. The stability of one superconducting torus in its own field was investigated by Chattopadhyay [4] and by Van de Ven and Couwenberg [5] both leading to the conclusion that the natural configuration of the torus was stable.
In this paper we apply a Legendre transformation to the variational principle in [1], and we thus obtain a second variational principle. This principle is believed to be more suitable for numerical purposes, because it contains constraints on the fundamental variables which are much weaker than the constraints in [1] . As in [1, 2] and [5] we assume that the electric current is confined to the surface of the superconducting body. In order to arrive at analytical expressions for buckling values, we set up two integral equations, one for the surface current density J and one for a variable 5, which is related to the perturbation potential f.
We shall examine two specific buckling problems for superconducting systems. The first concerns in-plane buckling of a pair of concentric tori, and the second out-of-plane buckling of a coaxial pair of equal tori. All tori have equal circular cross-sections. In both cases a small P.R.J.M. Smits, P.H. van Lieshout and A.A.F. van 
de Ven
parameter E is introduced representing the slenderness of the system. In the integral equations for J and ; the integration over the tangential coordinate is carried out exactly, and then the integral equations are linearized with respect to . It appears that in both cases J and , and therefore also the magnetic field in initial and perturbed state, are to zeroeth order in E the same as in the case of two parallel rods (see [2] ). When the currents in the two tori are equally directed (which is the technically relevant case) only the zeroeth-order fields together with the elastic energy of the buckling mode, play a role in the computation of the buckling value. Therefore, the buckling values of two concentric and two coaxial tori differ only a numerical factor from the buckling value of an equivalent pair of parallel rods. The numerical factor depends on the elastic energy only. When the currents in the two tori are directed opposite to each other, higher-order developments of J and ; are needed, and the analysis becomes laborious. For these cases, we confine ourselves to stating that if the tori will buckle at all, the buckling value is much higher than in the case of equally directed currents. In conclusion, we present some numerical results and we compare these results with those obtained from a mathematically less complicated, but also less rigorous, method. This method, which was also applied in [2] , is based upon a generalization of the law of Biot and Savart (cf. [3] , (2-6.4)). In general, the correspondence between the results of the two methods is good.
A variational principle
Consider a superconducting body, on the surface of which a current flow with density J per unit of length, measured along the surface in a direction perpendicular to J. The deformed configuration of the body is denoted by G-, its boundary by G and the vacuum outside the body by G + . In [1] a variational principle has been derived, that could serve as the basis for a magnetoelastic stability theory for a superconducting body. The Lagrangian densities L + and L-outside and inside the body, respectively, are given by (see [1] In (2.1)-(2.2), B is the magnetic induction, T the Cauchy stress tensor, Q and QO the mass densities in the deformed and undeformed state, respectively, U the internal energy density, F the deformation gradient, JF = det F the Jacobian and n the outward unit normal on aG. Here, the upper indices + and -on B are omitted. The variational principle based on (2.1)-(2.2), as described in [1] , can be used to solve the buckling problem of the superconductor. But then, as already mentioned in the Note
